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Abstract

Inconditionswheretheinteractionbetweeenanatomandashorthigh -frequencyextreme
ultravioletlaserpulseisaperturbation,weshowthatasimpletheoret icalapproach,basedon
Coulomb-Volkov-typestates,canmakereliablepredictionsforionization.Toavoidany
additionalapproximation,weconsiderhereastandardcase:theionizationofhydrogenatoms
initiallyintheirgroundstate.Foranyfieldpara meter,weshowthatthemethodprovides
accurateenergyspectraofejectedelectrons,includingmanyabovethresholdionizationpeaks,
aslongasthetwofollowingconditionsaresimultaneouslyfulfilled:(i)thephotonenergyis
greaterthanorequalto theionizationpotential;(ii)theionizationprocessisnotsaturated.
Thus,ionizationofatomsormoleculesbythehigh -harmonicslaserpulseswhichare
generatedatpresentmaybeaddressedthroughthisCoulomb -Volkovtreatment.
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I.Introduction

 Inthelastmonths,lowintensityX -UVlaserpulsesofafewhundredsofattoseconds
havebeenproducedbyharmonicsgenerationtechniques[1].Suchpulsesarepromising
powerfultoolstoinvestigatethoroughlythedynamicsofvariouselementaryprocesses(e .g.,
electronicevolutionofmicroscopicsystems).Further,theenergyofhigh -harmonicphotonsis
oftenhighenoughtoionizeatomicormolecularsystemswiththeabsorptionofasingle
photon.Itisatvariancewithinfraredlaserpulses,wherebothasi multaneousabsorptionof
manyphotonsandahighlaserintensityarerequiredtoachieveionizationwithareasonable
probability.Furthermore,withveryshortX -UVlaserpulses,theionizationofamicroscopic
systemtakesplaceinatimeintervalmuchsh orterthananyrelaxationperiodofthesystem.
Untillnow,mosttheoreticalapproachesofionizationweremadeinacontextofbothmuch
longerpulsedurationsandmuchlowerphotonenergies.Indeed,fullnumericaltreatmentsof
thetimedependentSchrödi ngerequationarepowerfulwaystoinvestigatetheionizationof
oneortwo -electronsystemsbysubfemtosecondX -UVlaserpulses.However,runningthem
involvesintensivecalculations[2].Therefore,thestudiesoffutureexperimentscallfor
adaptedtheor eticalapproximationsthatcouldprovideeasyreliablepredictionsofionization
byshortX -UVlaserpulses.Inthisnewcontext,weexamineanapproachthatwasintroduced
intheseventies[3].Inordertoavoidanyfurthercomplication,weconsiderhere theclassic
exampleoftheionizationofahydrogenatominitiallyinitsgroundstate.Acode
implementingafull3Dnumericalapproach,hereafterreferredtoasTDSE[2],isusedto
indicatethedomainwherethisapproximationisapplicable.
Inprevious papers[4 -6],weintroducedanon -perturbativeapproachofatom
ionizationbyultra -shortelectromagneticpulses.ItwasbasedonCoulomb -Volkov(CV)states
[3],whichareusedintheframeworkofthesuddenapproximation.ComparedtoTDSE
calculations,th isapproach,hereafterreferredtoasCV1,appearstobeaverysimplebut
powerfultooltostudyionizationbyanexternalelectricfield,nomatterwhatthestrengthof
theperturbationis,whenthreeconditionsaresimultaneouslyfulfilled:(i)thepul seduration
issmallerthanorcomparabletotheinitialorbitalperiodoftheelectron,(ii)allthistimethe
electricfielddoesnotperformmorethantwooscillations,and(iii)itsnetintegraloverthis
timeisnotzero(DCcomponentoftheelectric fieldthatshowsheremainlyaclassicalaspect).
Thisregimemaybecalleda collisionalregime becausetheelectromagneticpulsepresents
similaritiestotheperturbationproducedbyafastimpingingion.CV1predictionsareshown
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tobeallthebetterth attheelectricfieldamplitudeishigh,theinitialquantumnumberislarge
andthepulsedurationisshort.Thus,itshouldbewelladaptedtostudytheionizationby
impactofswiftions,moreespeciallybyfastmultichargedions.AlthoughCV1cannotbe used
tomakepredictionswithgenuinelaserpulses(forwhichtheDCelectricfieldcomponentis
zero),thepreviousstudiesindicatethat,duringashortenoughtime,theexactstateofthe
interactingsystemiswelldescribedbyCVwavefunctions.
High-harmonicssubfemtosecondpulsesfitinwithaquitedifferentcontext.Theyare
veryshortandtheirintensityisquitesmall(seee.g.,ref.[1]).Thus,investigationsmaybe
restrictedtoconditionswherethelaserfieldisaperturbation.Further,apul sealwayscontains
enoughfieldoscillationstoappearasaphotonfield,whosespectrummaybequitebroad,
dependinguponthepulselength.Now,thefieldexhibitsmainlyitsquantumaspect.Withthe
absorptionbyahydrogenatomofaphoton,whoseenerg yishighenoughtoionizetheatom,
theelectronisrapidlytransferredtothecontinuum.Thus,aCoulomb -Volkovapproach
restrictedtoperturbationconditionsmaybeimaginedsinceaCoulomb -Volkovstateisagood
descriptionoftheinteractingsystemas longasthetimeofenergytransferissmallcompared
toanycharacteristicatomicperiod(e.g.,theorbitalperiod)[6].
TheinterestofthistypeofapproachcomesfromthefactthattheCoulomb -Volkov
phaseoffersallpossibilitiesofsimultaneousexch angeofmanyphotons.Inaddition,the
Coulombinfluenceofthenucleus beforeand after interactioniskept,thuspreservingthe
asymptoticbehaviours.Asimilarapproachhasalreadybeenintroducedalongtimeagoby
JainandTzoar[3].Themethodwasex aminedinvarioussituations(stationarylaserbeams,
lowfrequencyphotons)whichdiffercompletelyfromthephysicalconditionsofultra -shortX -
UVlaserpulses(see,e.g.,[7,8]andreferencestherein).Inthepresentpaper,weinvestigateto
whichexte ntasimilarperturbationCoulomb -Volkovapproachmaybeemployedtopredict
singleionizationofatomsormoleculesbyhigh -frequencyphotonsofashortlaserpulse.Itis
worthnotingthat ourstudydoesnotincludebackscattering ,thusexcludingallfur ther
processessuchashigherharmonicsemissionorhigh -energyATI.
InsectionII,theperturbativeCoulomb -Volkovtheoryofionization,hereafterreferred
toasCV2 -,isbrieflydescribedinthecontextofshortX -UVlaserpulses.InsectionIII,itis
appliedinconditionsthatcanbeachievedactuallywithpresent -dayhigh -harmonicsradiation.
CV2-energyspectraofelectronsejectedfromhydrogenatomsinitiallyintheirgroundstate
arecomparedtoTDSEpredictions.ConclusionsaredrawninsectionIV .
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Atomicunitsareusedthroughoutunlessotherwisestated.


II.Theory

Innon -relativisticconditions,thewavefunction ),( tr Ψ ofamonoelectronicsystem
interactingwithanexternalelectromagneticfield ),( trF 

,thati sassumedtobealmost
uniforminalargeregionaroundtheatomatagiventime t (dipoleapproximation),isgivenby
thetime -dependentSchrödingerequation:
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centre-of-mass. )(tF

istheexternalfieldattheatom. )(rVa

representstheinteraction
betweentheelectronandtherestofthetarget.Withahydrogen -liketargetofnuc learcharge
Z,itissimply:
r
Z
rVa −=)(

 (2)
Inwhatfollows,thestudyismadeforahydrogenatominitiallyinthegroundstate.
However,theformalismcanbeextendedtoatomsorionswithasinglevalenceelectronusing
aproceduresimilar totheoneofref.[9]foralkali -metalatoms.Thus,thefield -freeinitial
stateis:
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Theunperturb edfinalcontinuumstate ),( trf


−φ istheingoingregularCoulombwavefunction:
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where k istheelectronmomentum; 22kf =ε istheeigenenergyof )(rf −ϕ and k1=ν .
Both )(ri ϕ and )(rf −ϕ areeigenstatesofthefiel d-freehamiltonian aH .
Thefinitepulsedurationisfeaturedthroughasine -squareenvelope.Thus,inthe
vicinityoftheatom,theexternalfieldreads:
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where τ isthetotalduration ofthepulse.Inwhatfollows,wechoose ..855.0 ua=ω inorder
tohaveaphotonenergythatcorrespondstotheaveragehigh -harmonicsenergyreportedin
ref.[1](15 th harmonics).Althoughitisnotofgreatimportancewhenmanyoscillationsare
performedwithin [ ]τ,0 ,allcalculationsaremadeasinpaper[4]withatime -symmetric
pulse,whichimplies
22
τ
ω
piϕ −= .Theelectricfieldofthelaserisderivedfromavector
potential ( )tA" thatreads:
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Withthefinalstate ( )trf ,%−φ ,onebuildsaningoingCoulomb -Volkovwavefunction ( )trf ,&−χ .
Accordingto[3,4],itis:
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where )( tA−
0
isthevariationof ( )tA1 overthetimeinterval [ ]t,τ ,i.e.:
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Inpreviouspapers[4,6],itisshownthat,withinaninteractiontimeshorterthanthe
initialorbitalperiod,aCoulomb -Volkovwavefunctiongives agoodrepresentationofthe
interactingsystem.
IntheSchrödingerpicture,thetransitionamplitudefromthestate i at ∞−→t tothe
finalstate f at ∞+→t maybeevaluatedatanytime t;itis:
)()( ttT iffi +− ΨΨ=  (11)
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where ),( trf 4−Ψ and ),( tri 5+Ψ aretheexactsolutionsoftheequation(1)subjecttothe
asymptoticconditions:
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InordertousetheCoulomb -Volkovwavefunction  ( )trf ,8−χ ,calculationsaremade
withtheso -called priorformofthetransitionamplitudethatis:
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Afterastandardeasyalgebra,theexpression(14)maybetransformedinto:
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Inperturbativeconditions,onemaysubstitute ( )trf ,=−χ to ),( trf >−Ψ in(12).Then,acco rding
toexpressions(3),(5)and(9), −fiT maybewrittenas:
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Letusintroducetheusefulfunctions:
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Withtheexpressi on(7)ofthetheexternalfield ( )tF^ ,thefunctions )(th− and )(tf − maybe
calculatedanalytically.Iftheformof ( )tF^ ismorecomplicated,itisnotdifficulttoperform
accurate numericaltimeintegrations.Onemayalsogetananalyticalexpressionfor )(tg−
usingastandardprocedure[10].Accordingto(10),onehas:
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Thus, −2CVfiT maybewrittenas:
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Integratingbypartsandbearinginmindthat 0)( bb =− τA ,oneobtains:
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Itisworthnotingthatthefirsttermoftheright -handsidein(22)isnothingbut −1CVfiT (prior
versionofC V1)multipliedbythephasefactor )0(−f [4,6].Foragenuinelaserpulsethis
termiszero,sinceonehasalso 0)0( dd =−A (nodirectelectricfield).Therefore,asimple
numericaltimeintegrationoverthepulselengthisne cessarytoknow −2CVfiT .Then,the
angulardistributionofejectedelectronsisgivenby:
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where kE and kΩ aretheenergyandthedirectioncorrespondingtotheimpulse ke ofan
ejectedelectron.Integratingover kΩ givestheenergydistribution
K
CV
fi
E
P
∂
∂ −2
andafurther
integrationover kE givesthetotalprobability
−2CV
fiP toion izeanatomwithonepulse. A
priori,oneexpectsgoodpredictionsfromthepresenttreatmentaslongas 12 <<−CVfiP .The
aimofthefollowingsectionistodeterminetheupperacceptablevalueof −2CVfiP .


III.Applicationof CV2- toionizationofhydrogenatoms

TodetermineunderwhichconditionsCV2 -applies,weaddressheretheionizationof
hydrogenatomsintheirgroundstatebyhigh -frequencylaserpulses.Asalreadymentioned,
thestudyisfirstcarriedoutwithaphoto nenergy 855.0=ω (15 th harmonicsinref.[1])in
ordertoconnectittoamorerealisticcase.Then,weinvestigate −2CVfiP asafunctionof ω
withlaserparametersthatensure 12 <<−CVfiP  whatever ω .
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A. Influenceofthelaserintensity

Letusfirstsettwolaserpulseparameters: 855.0=ω and 100=τ .Thus τ ( fs4.2 )
iscomparabletothedurationo fa singlehigh -harmonicpulse[12],anditpermitstogetwell
separatedATIpeaks.Further,asinglephotonabsorptionisenoughtoionize )1( sH .Electron
energyspectraaspredictedbyCV2 -andTDSEarereportedonFig.1forincreasin glaser
intensities.Forlaserfieldamplitudesupto ( )2140 .10916.0 −×≈= cmWIF ,thereisan
excellentagreementbetweenthetwospectra.Theshapeofpeaksareverywellreproducedby
CV2-.ThedifferencebetweenCV2 -andTDSEbackgroundsthatshowsupin betweentwo
consecutivepeaksatthehighestejectionenergiesfor 04.00 ≥F ,maybedue,nottoa
shortcomingoftheCV2 -methoditself,buttorounding -offnumbersinthenumericaltime
integration.Forthebackground,thecontributionofa givenhalf -cycleisboth,verysmall
comparedtothevalueatapeakandveryclosetotheoppositeofthecontributionofthe
subsequenthalf -cycle.Thus,thefinalvalueseemsmainlyconnectedtotheorderofmagnitude
ofthelastsignificantdigit.
Nowsignificantdifferencesshowupfor 2150 .106.3,i.e.,32.0
−×≈= cmWIF (Fig.1f).
AllATIpeakspredictedbyCV2 -areboth,higherthanTDSEones,andallshiftedtowardsthe
ionizationthresholdbythesamevalue.Inprinciple,duetoenergyconservation,theATI
peaksappearatenergiesverifying:

pin UnE −+= ωε  (24)
where nisthenumberofabsorbedphotonsandwhere pU isaponderomotiveenergy.In
perturbationconditions,onehas 2
2
0
4ω
FU p = ,
2
0F bei ngthepeakintensity.However,inthe
verycasewhere 32.00 =F ,thetotalionizationprobabilitygivenbyTDSEis 72.0=
TDSE
fiP ,
whichindicatesthationisationsaturates.Itmeansthattheatomloosestheopportunityof
experiencingthemaximumintensitysincetheelectronhasgonebefore.Rather,ionization
occuredatsomeeffectiveintensityduringthepulseraisewhen pU wassmaller.Theeffectis
clearlyreproducedinTDSEcalculations.Atvariance,CV2 -d oesnotaccountforsaturation,
asitisindicatedbyitsunrealisticpredictionofthetotalionizationprobability,i.e.,
44.12 =−CVfiP .Infact,CV2
-
predictsthat
K
fi
E
P
∂
∂
ismaximumwhentheelectricfieldamplitude
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ismaximum ,i.e.,when 0)( FtF = .Inaddition,CV2 -overestimates
K
fi
E
P
∂
∂
inthevicinityof 0F ,
for 32.00 =F ,thecloserto 0F ,thehighertheoverestimation.Therefore,themaxi mumofa
ATIpeakgivenbyCV2 -showsupwhentheponderomotiveenergyreachesitshighestvalue,
thatis 2105.3 −×≈pU for 32.00 =F .SinceTDSEneveroverestimates
K
fi
E
P
∂
∂
,oneexpectsthe
shifttoamounttothism aximumvalueoftheponderomotiveenergy.Itiswhatisobservedon
Fig.1f.Infact,asimilar(butverytiny)shiftmaybedetectedonFig.1e.Ifsaturation
conditionsstillprevailed,itwouldbe 3109 −× accordingtoformula(24).Sincei tisnotthe
case,theshiftisevensmaller,thusbeingalmostnotvisible.
OnFig.2,totalionizationprobabilities −2CVfiP and
TDSE
fiP areplottedasfunctionsof
thelaserintensity 20FI = .Thetwocurve sstayclosetoeachothertill
2CV
fiP
−
approaches1.
Theymaybedistinguishedassoonas 310−≥I ,butitisworthnotingthat,evenforvaluesof
2CV
fiP
−
greaterthan10%,CV2 -andTDSEenergydistr ibutionsarestillingoodagreement.
Forinstance,when 2106.2 −×=I ( )16.00 =F ,onehas 33.02 ≈−CVfiP while 0.28TDSEfiP ≈ ,but
theCV2 -energydistributionstillagreeswithTDSE.Positionsandheightsofthefi rstfive
peaksareprettymuchthesame.Therefore,CV2 -worksinadomainthatstretchesslightly
beyondtheperturbationregime.

B. Influenceofthepulseduration

InFig.3,weset 05.00 =F sothatonecanapproa chthelimitsofthepertur bation
regimebyincreasing τ .Calculationsareperformedfor 855.0=ω andfor τ rangingfrom20
to500.ThesituationlooksverysimilartotheabovesectionIII.A.Agoodagreementisfound
everywhereforATIpeaksexceptforthelasttwopeakswhen 500=τ .Again,duetotheloss
ofsignificantdigitsinbetweenpeaks,CV2 -predictionsforthebackgroundarealltheworse
that τ islarge.However,evenfor 500=τ ,thetotalionizationprobabilitiesgivenbythetwo
approachesarethesame( 155.02 ==− TDSEfiCVfi PP ).Keepinginmindthathigh -harmonic
pulseslast200a.u.atmost,itisagoodindicationthatCV2 -isavaluabletooltoaddress
realisticcases.
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C. Influenceofthephotonenergy

Sofar,wehaveexaminedelectronenergyspectrathatareobtainedwithaphoton
energygreaterthantheionizationthreshold.Letusnowsetthelaserparameters 01.00 =F and
100=τ toensurethatthetotalprobabilitystayswellbelow1whatever ω .Therefore,the
studyisalwaysmadeintheperturbationregime.InFig.4,wecompare −2CVfiP to
TDSE
fiP while
ω isincreasedfrom0to1.Bothpredictionscannotbedistinguishedabove 5.0=ω ,i.e.,with
aphotonenergygreaterthantheionizationpotential.Areasonableagreementisstillfoundfor
5.042.0 ≤≤ ω duetothewideb roadeningofthepulsefrequencyfor 100=τ .Thetwo
predictionsdisagreebyanorderofmagnitudebetween0and0.42.Aroughqualitative
explanationofthisbehaviourmaybegivenasfollows: ( )trL ,f− containsthedisplac ement
factor ( ) g h
i
j
k l
⋅− m
−
t
tAdtki
τ
''exp nn ,thusleadindtoafactor ( ) o p
q
r
s t u
vw
xyz
−⋅ {
−
t
tAdtrki
τ
''exp |
|
|
in
( )trf ,}−χ .Thesecondterminthesquare -bracketisnothingbuttheclassicaldisplacementofa
freeelectronundertheinfluenceofthelaserelectric fieldduringthepulse.Inthecase
5.0≥ω ,theejectedelectronis"freetomoveimmediately"inthecontinuumafterthe
absorptionofanynumberofphotons.However,when 5.0<ω twoormorephotonsare
necessarytoachie veionization.Thus,althoughtheelectronisnot"immediatlyinthe
continuum",CV2 -anticipatesitsdisplacementthatisequivalenttoanticipatingionization.As
aresult,ionizationisoverestimated.Anothercauseofdisagreementcomesfromthefactt hat
CV2-doesnotaccountforintermediateRydbergresonanceswhen 5.0≤ω .
Therefore,thepresentformofCV2 -providesreliabledataonlywhenthephoton
energyisgreaterthantheionizationpotential.Itisworthnotingthatsimilarcal culationshave
beenperformedusingthepostformofthetransitionamplitudeinwhichtheCoulomb -Volkov
state ),( tri ~+χ connectedtotheinitialstatesreplaces ),( tri ~+Ψ [4,6].Sincetheelectron
displacementismissinginthi sapproach,calledCV2 + ,predictionsaremuchworsethanCV2 -
ones[11].

D. Applicationinthecollisionalregime

Inallcasesthathavebeenexaminedinpreviousparagraphs,theelectricfieldofthe
laserperformsabout3oscillationsormore,thusplaci ngthetransitioninthe"photonic
regime".AlthoughthereisnothingindicatingthatCV2 -couldfailinthe"collisionalregime"
(wheretheelectromagneticfieldperformslessthan2oscillations),itisworthcheckingthat
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goodpredictionscanstillbeo btained.Todothat,wekeptthefirstterminther.h.s.ofEq.
(22)sinceonehasgenerally 0)0(  ≠−A inthiscase.OnFig.5,electronspectraarereported
for 01.00 =F and 855.0=ω .Thepulsedurationisincr easedfrom 5=τ (collisionalregime
withlessthanoneoscillation)to 100=τ (photonicregimewithalmost14oscillations).
Predictionsfor 20=τ arealsodisplayedbecausethesituationcorrespondsto theparameters
ofPaul etal. 'sexperiment[1].Asexpected,CV2 -agreeswellwithTDSEinallcases.


IV.Conclusionsandperspectives

AtomionizationbyshortVUVlaserpulsesmaybedescribedaccuratelybythefirst
orderofaperturbationapproachb asedonCoulomb -Volkovstates.Thisapproach,thatwe
calledCV2 -,consistsinreplacing,inthepriorformofthetransitionamplitude,thetotalexact
wavefunctionconnectedtothefinalcontinuumstatebythecorrespondingCoulomb -Volkov
wavefunction.O ntheclassicexampleofatomichydrogentargets,wehaveshownthatvery
goodpredictionsofATIspectraareobtainedwhenboth,thephotonenergyisgreaterthanor
equaltotheionizationpotentialofthetarget,andperturbationconditionsprevail.In the
presentcase,ourstudyshowsthatthetotalionizationprobabilityshouldnotexceed,letussay
20%to30%togetaccurateelectronspectra.Therefore,CV2 -looksverypromisingtostudy
theionizationofatomsormoleculesbythehigh -harmonicslase rpulseswhicharenow
generated.

ThepresentstudyisthefirstextendedtestofCV2 -withsubfemtosecondextreme
ultravioletlaserpulses.Somedefectsshowedupinthecalculationofthespectrum
background.Hence,weplantoimprovethetimeintegrati onprocedureinordertoextendthe
domainwherethemethodCV2 -applies.
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Figurecaptions:

Figure1: ionizationof )1( sH :electrondistribution (densityofprobabilityperenergyrange)
asafunctionoftheenergyoftheejectedelectronforaphotonenergy 855.0=ω ,a
pulselength 100=τ andvariouslaserfieldamplitudes 0F .(a) 01.00 =F ;(b)
02.00 =F ;(c) 04.00 =F ;(d) 08.00 =F ;(e) 16.00 =F ;(f) 32.00 =F .All
quantitiesaregiveninatomicunits.Dottedline:CV2  -  ;fullline:TDSE.

Figure2:  totalionizationprobabilityof )1( sH asafunctionofthelaserintensity 20FI = fora
photonenergy 855.0=ω andapulselength 100=τ .Allquantitiesaregivenin
atomicunits.Dottedlin e:CV2  -  ;fullline:TDSE.

Figure3: ionizationof )1( sH :electrondistributionasafunctionoftheenergyoftheejected
electronforaphotonenergy 855.0=ω ,alaserfieldamplitude 05.00 =F and
variouspulselengths.(a) 20=τ ;(b) 50=τ ;(c) 100=τ ;(d) 200=τ ;(e)
350=τ ;(f) 500=τ .Allquantitiesaregiveninatomicunits.Dottedline:C V2 -  ;
fullline:TDSE.

Figure4: totalionizationprobabilityof )1( sH asafunctionofthephotonenergyforalaser
fieldamplitude 01.00 =F and apulselength 100=τ .Allquantitiesaregivenin
atomicunits.Dottedline:CV2  -  ;fullline:TDSE.

Figure5: ionizationof )1( sH :electrondistributionasafunctionoftheenergyoftheejected
electronforaphotonenergy 855.0=ω ,alaserfieldamplitude 01.00 =F andthree
pulselengths τ .(a) 5=τ (collisionalregime);(b) 20=τ (lowerlimitofthe
photonicregime);(c) 100=τ (photonicregime).Allquantitiesaregiveninatomi c
units.Dottedline:CV2  -  ;fullline:TDSE.
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